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Image Deconvolution — Briet Review

« Image formation model: b=cxx+n
2D measurements / \ additive noise
known 2D convolution kernel 2D target image

Image Deconvolution — Brief Review

Image formation model: b=cxx+n
Convolution theorem: b=F"YF{c} F{x}} +n
. F{b}
Inverse filtering: Foe=F1
g Xif F T{C}}

Wiener filtering: o = F 71

|F{c}? _T{b}]
1

\FLH? + 1/gyp Fled

Duality of “signal processing” and “algebraic” interpretation:

b=c+*x © b=Cx CeERNXN b xeRN
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A Bayesian Perspective of Inverse Problems
P(b|x) * P(x)

» Image formation model: b=Ax+1, beRY xeRY A€ R"Y x = argmax P(x|b) = argmax 0
. Interpret as random x; ~ N(x;,0), n; ~ N(0,6%) x = argmax P(b|x) * P(x)

variables: b; ~ N((Ax)i,crz)

) (A0 » X = argmax log(P(bIX)) +H log(R(x))

. Probabili_ty of p(b;|x; 0) = _ T \v

observation i: 2no ) x = argmax[log(e™)]|— ¥(x)

Joint probability of M bl ama mmn eseener
« Joint probability o _lb—Ax]l _ L

all obgervationg- p(blx,0) = l_[ 1p(bi|xi’g) x e@ x = argmin(~m) + ¥(x)

: i

Examples of Image Priors / Regularizers

data fidelity term regularization term biurrystuft stars “natural” image

! !

) 1
Xpap = ArgMINy - b — Ax||3 + ¥(x)

J\ZE;TL\}[-’ZEE-I# : gu%%}ﬁm H+Eﬁ;'%§?ftjz/l\l\ﬂ@ Promote smoothness! Promote sparsity! ~ Promote sparse‘ gradients!
ICIE T BeliJ At 4 Eimage prior W -laxl,  R@oll =TV
t

Laplace operator



Solving Regularized Inverse Problem

! H 1 n H 1
Cbjective or “loss” function  minimize, > Ib — Ax||2 + A¥(x)

of general inverse problem: i
weight of regularizer

Practical #1 go-to sclution: Adam solver implemeanted in PyTorch

3 simple steps, will explore in proklem session & homework:

1. Implement evaluation of loss function
2. Sethyperparameters, including learning rate

3. Run

The “fine print”: convenient but doesn’t always converge well

EEM, AREM, RFmESENX
S LABRARER x, BRFEFRERZKEN
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The Halt-quadratic Splitting

o~

HQS) Method

: : i n : 1
Objective or “loss” function  mjnimize, > b — Ax||3 + A¥(x)
of general inverse problem: weight of reguTariZer X BB 5] |} & $ Ascipy.minimize3& i, {8
WMRXME, NDx-z=0@— A AEIAFA
1 ) R
Reformulate as: minimizegy ;) > [|b — Ax|l; + A¥(2) / \ s
L AR M2 EEHNTTE (HQSTIADMM) T2
) 4(2) B —ENTR, FAFEENRESTF—=.
subjectto Dx —z=0

Remove constraints using L,(x,2) = F(X) + g(2) + g 1Dx — 2|12

penalty term (equivalent for large p}. y
penalty term
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HQS for Image Deconvolution with TV

Generic: Lo(x,2) = f(x) + g(2) + g IDx — z||3
b
1
Deconv:  L,(x,2) =5 lICx = BlI3 + Zllzlly + 5 11Dx - 2113

x € RY unknown sharp image
C € R¥VXN circulant convolution matrix for known kernel ¢
z € RZN slack variable twice the size of x!

D - . . . .
D= [Dx] e R*¥M*¥ finite difference gradients, horizental & vertical
y

NRERTVISRHITEEREM, SMFSL
1. TR xEITEE, EHERRAN—RELFNBA
2. XE V() ®HAkE ||z, z BREKRENEE

3. Dx@iE2TViEK, &e—IiLDx RESFT z, FTTNLALE z FR

BERY/N, IXHERAEIFA) (BB RHERAN] XMRIR.

HQS for Image Deconvolution with Denoiser

Generic: Lo(x,2) = f(x) + g(2) + g IIPx — 2|3
| \
1
Deconv: 1, (x,2) = 5 lcx — b3 + 2%(2) + 5 IDx - 211

x € RY unknown sharp image

C € RV*N circulant convolution matrix for known kernel ¢

z € RN same size of x
D € RN*N BA{SRERE |

ANER{EFA Denoiser HiTAEM, SNMFSWL

1. Denoiser: BMAE(%, HHARBESRNE, a0 DnCNN,
2. XEY(z) EWNER4ERE, #1denoiser £RHIERIVEE.
3. UItkAJRY imager prior: E{{&HAIEREROIEER denoiser A pRRIIER

.
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HQS for Image Deconvolution with TV
1 2 P 2
Lp(x,2) = S1ICx = BII3 + 2llzll; +5 1Dx — 2]I3

while not converged:

1 p
X & prox|,,»(2) = arg min, > lCx — b|I5 + 5 |IDx — z||3

) p
z « proxy,,(Px) = arg min, 2||z||; + > |IPx — z||5

ZIEMREFHES, AR
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HQS for Image Deconvolution with TV

x — Update:

1 p
x « prox|., () = arg min, 5 |Cx — b5 + 5 IDx — z||5
1 / reformulate
=S (Cx—bY'(Cx—b) + g(nx — T(Dx - 2)

1
=5 (x7€TCx - 2x"C"h + bTh) + g(xTDTDx — 2xTDTz + 27z)
lv find solution by setting gradient to O

0=V, f(x)=€"cx—C"h +pD"Dx — pD"z

1 closed-form solution

x « (€ + pD™D) (b + pDTz)
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HQS for Image Deconvolution with TV

x — Update:

1 p
x « prox|., () = arg min, 5 |Cx — b5 + 5 IDx — z||5

x « (€TC + pD™D) (b + pDTz)

Explot duality of algebraic & signal processing interpretation
€7C < FHF(Y - FicY) Dz = DTz, + Dlz; & F1 {.’F{dx} - Flzg} + Fd} o .’F{zz]}
p'D = FHFAY - Fldd+ Fla, ) - F{a,)) b = FYFi}« F{BY}

C'C + pD"D & FYF{cY - Flc} + p(Fld,} - Fld.} + Fla,} - F{a,})}

C'h+ pD'z & FYF{cY - F{b} + p(Fld Y - Flzi} + F{d,) - Flz2})}
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HQS for Image Deconvolution with TV

X — Update: ’
. p
X & proxy,,,(2) = arg min, 5 ICx — b5 + 5 IDx — z]||5

x « (€7C+ pD™D) ' (C"h + pDTz)

Efficient x—update operates purely on 2D images with FFTs
and element-wise multiplications and divisions:

(F{c} - T[b}|+ p(F{d.} - Flzid + Fld, ) - F{z))]
Fle} - Flc} + p(Fld, ) - Fld,} + Fld,}) - F{d,})
i

can pre-compute most parts zy =z(1: N),z, = z(N + 1: 2N)

prox|.,.»(2) = F1,

HQS for Image Deconvolution with TV

Z — Update:

: p
z « prox|.,p(Px) = arg min, A|z||; + B |Px — z]||3

Efficient z-update uses element-wise soft thresholding
operator §,.(-):

v — K v>K

proxy.,p (@) = 8.(v) = 0 lv| < k=W — )y — (—v — k),
vV+K v <-—K y
K="Yp

This element-wise soft thresholding is the proximal operator for anisotropic TV, v = Dx
see course notes on block scft thresholding for isotropic TV.

ERTV/ERimage prion# T EEMEES SR
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HQS for Image Deconvolution with Denoiser

x — update:

. p
X < proxy ., p(2) = arg min, E"C‘x —b|5 + Ellx —z||3 z € RN

x < (CTC + pI)_l(CTb + pz) no matrix D!

» Efficient x—update operates purely on 2D images with FFTs
and element-wise multiplications and divisions:

_ (FLeY - F{b} + pF{z}
prox,p(2) = F 1{ T{c}*-T{c}ip }

HQS for Image Deconvolution with Denoiser

z — Update:
z « proxp ,(x) = arg min, A¥(2) +g lx — z||5

= arg min, ¥(z) + Z%L"x — z|I

« Efficient z-update uses arbitrary denciser D(-), such as 2

DnCNN and non-local means, using noise variance ¢? = —
p

A
proxy ,(x) = D (x, g% = E)

{3 denoiser {Eimage prior# T EIREMIRES SR

ANZE6TARTEIARRY: ¥ 2F5F0 Denoiser L5RAVERR
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Outlook on Unrolled Optimization Qutlook on Unrolled Optimization

Run or “urracll” HQS for Kiterations ? «  Run or “unroll” HQS for Kiterations I:
Interpret as unrolled feedforward network: il » Interpret as unrolled feedforward network:
i
&= prox, ,(2) =F! {} }’[;‘f‘_;i’ }
S V=D (x.02=2 . N .
= proxp, (x) =D - ;;)}_H 1) ) Benefits over unrolled optimization
z = prox, () =F ] J—LL}{ T L;;ﬁ prox; |, .
gt +  Learnable parameters: A%}, p*), denciser D)
proxp , (x) ( ,J) +
7 = prox,  (2) = - { PR} : * DenseNet-like skip connections Do
:=pr0x,-,ﬂ,tx,‘='f’(x.a”z;—f) ¥ D . / lari d £t tix € ‘* *
Fie} Pl apT s s enoiser/ragularizer can adapt to matrix
z = proxp,, (x) =D (x,0 = 3) i *  (Can train with advanced loss functions (perceptual, 3
X ) ~
[Dismont st a1, 2017) adversarial, other network, ...) X

[Ciamand et al. 2017]
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B AN VE: ADMM

Objective functi

Reformulate as:

Penalty Method
of HQS:

Augmented
Lagrangian:

HQS vs. ADMM

1
on: minimize, > Ib — Ax||3 + AW (x)

1
minimizegy ;) 5 |b — Ax||5 + AW (2)

£
subjectto Dx —z =0

S P
LE)HQ )(x,2) = f(x) + g(2) + > IDx — z||3

g'(Z)

LgADMM)(x,Z,y) = F(x) + g(2) H yT(Dx — 2) +g||Dx —z|15

u=(1/p)y

p p
= f@) + 9@ {5 1IDx — 7+ ull} - 5 lull

ADMMZAL: ST —1 2=,

AF—IRIE

Zmy— &g, BF
$=H) Dx-z —RIR

yT(Dx — z) +g*(Dx—Z)2

=g*(Dx—z)2+pu*(Dx—Z)

=§*[(Dx—z)2+u*(Dx—z)+u2—u2]
p

=E*[(Dx—z+u)2—u2]




ATk ADMM

ADMM

ADMM p p
LA 7, u) = £(0) + g() +5 D% — 2+ ull3 — £ lull

« Alternating gradient descent approach to sclving

Augmented Lagrangian:

while not converged:
x « proxy ,(z) = arg min, LEADMM)(;\?, z,u) = arg min, f{x) + g |Px — z + u|3

z « prox, ,(Dx) = arg min, LLADMM)(x, z,u) = arg min, g(z) + g |Px — z + ul|3

U «<u+Dx—z



ATk ADMM

ADMM

x — Update:

1 p
x « prox|., () = arg min, 5 |Ax — b||5 + 5 IDx — z + ul|5,

x « (ATA + pDTD)_l(ATb + pDT(z — w))

A b

« Same general x-update as HQS, use matrix-free iterative solver,

such as the conjugate gradient method, to solve Ax = b (e.9.,
scipy.sparse.linalg.cg)



ATk ADMM

ADMM

Z — Update for TV reqularizer in closed form:

: p _
z « prox.,,(¥) = arg min, A||z||; + > v —zll5= 8§, (v),v=Dx+u

Z — Update for denoising-based regularizer in closed form:

z « proxyg ,(x + u) = arg min, A¥Y(z) + % lx—z+u|l5=D (x +u,0% = %)

- Same z-update rules as HQS!



B ANV ADMM

Ll R

el

e

ADMM

ADMM for inverse problem with denoiser

initialize p and A

x = zeros (W, H);
z = zeros (W, H);
u=zeros (W, H);

for i = 1 to max_iters do B B
x = prox_,(v) = cgsolve (ATA + pLLATb + p(z — u))
proxp ,(x+u)="D (x +u,0’= %)
u=u+x-—=2z

end for

ADMM for inverse problem with TV

W

o it G e g

initialize p and A

x = zeros (W, H);

z = zeros(W, H,2):

u=_zeros (W, H.2):

for i: = 1 to max_iters do
X = proxy. ,(z—u) = cgsolve (ATA + pD'D. A"b + pD” (z - u))
Z = prox |, , (Dx+u) =38,,,(Dx+u)
un=u+Dx -z

end for
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